Abstract. A dormant indigenous bundle is an integrable P 1 -bundle on a proper hyperbolic curve of positive characteristic satisfying certain conditions. Dormant indigenous bundles were introduced and studied in the p-adic Teichmüller theory developed by S. Mochizuki. Kirti Joshi proposed a conjecture concerning an explicit formula for the degree over the moduli stack of curves of the moduli stack classifying dormant indigenous bundles. In this paper, we give a proof for this conjecture of Joshi.
Introduction
Let M Zzz...
g,Fp
be the moduli stack classifying proper smooth curves of genus g > 1 over ) .
Here, recall that an indigenous bundle on a proper smooth curve X is a P 1 -bundle on X, together with a connection, which satisfies certain properties (cf. Definition 2.1). The notion of an indigenous bundle was originally introduced and studied by Gunning in the context of compact hyperbolic Riemann surfaces (cf. [10] , § 2, p. 69). One may think of an indigenous bundle as an algebraic object encoding uniformization data for X. It may be interpreted as a projective structure, i.e., a maximal atlas covered by coordinate charts on X such that the transition functions are expressed as Möbius transformations. Also, various equivalent mathematical objects, including certain kinds of differential operators (related to Schwarzian equations) of kernel functions, have been studied by many mathematicians.
In the present paper, we focus on indigenous bundles in positive characteristic. Just as in the case of the theory over C, one may define the notion of an indigenous bundle and the moduli space classifying indigenous bundles. Various properties of such objects were firstly discussed in the context of the p-adic Teichmüller theory developed by S. Mochizuki (cf. [29] , [30] ). (In a different point of view, Y. Ihara developed, in, e.g., [14] , [15] , a theory of Schwarzian equations in arithmetic context.) One of the key ingredients in the development of this theory is the study of the p-curvature of indigenous bundles in characteristic p. Recall that the p-curvature of a connection may be thought of as the obstruction to the compatibility of p-power structures that appear in certain associated spaces of infinitesimal (i.e., "Lie") symmetries. We say that an indigenous bundle is dormant (cf. Definition 3.1) if its p-curvature vanishes identically. This condition on an indigenous bundle implies, in particular, the existence of "sufficiently many" horizontal sections locally in the Zariski topology. Moreover, a dormant indigenous bundle corresponds, in a certain sense, to a certain type of rank 2 semistable bundle. Such semistable bundles have been studied in a different context (cf. § 6.1). This sort of phenomenon is peculiar to the theory of indigenous bundles in positive characteristic.
In this context, one natural question is the following:
Can one calculate explicitly the number of dormant indigenous bundles on a general curve?
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1. Preliminaries 1.1. Throughout this paper, we fix an odd prime number p.
1.2.
We shall denote by (Set) the category of (small) sets. If S is a DeligneMumford stack, then we shall denote by (Sch) S the category of schemes over S.
1.3.
If S is a scheme and F an O S -module, then we shall denote by F ∨ its dual sheaf, i.e.,
T → S is a finite flat scheme over a connected scheme S, then we shall denote by deg S (T ) the degree of T over S, i.e., the rank of locally free O S -module f * O T .
1.4. If S is a scheme (or more generally, a Deligne-Mumford stack), then we define a curve over S to be a geometrically connected and flat (relative) scheme f : X → S over S of relative dimension 1. Denote by Ω X/S the sheaf of 1-differentials of X over S and T X/S the dual sheaf of Ω X/S (i.e., the sheaf of derivations of X over S). We shall say that a proper smooth curve f : X → S over S is of genus g if the direct image f * Ω X/S is locally free of constant rank g.
1.
5. Let S be a scheme over a field k, X a smooth scheme over S, G an algebraic group over k, and g the Lie algebra of G. Suppose that π : E → X is a G-torsor over X. Then we may associate to π a short exact sequence
where ad(E) := E × G g denotes the adjoint bundle associated to the G-torsor E, and T E/S denotes the subsheaf of G-invariant sections (π * T E/S ) G of π * T E/S . An S-connection on E is a split injection ∇ : T X/S → T E/S of the above short exact sequence (i.e., α E • ∇ = id). If X is of relative dimension 1 over S, then any such S-connection is necessarily integrable, i.e., compatible with the Lie bracket structures on T X/S and T E/S = (π * T E/S ) G . Assume that G is a closed subgroup of GL n for n ≥ 1. Then the notion of an S-connection defined here may be identified with the usual definition of an S-connection on the associated vector bundle E × G (O ⊕n X ) (cf. [20] , p. 10, Lemma 2.2.3; [21] , p. 178, (1.0)). In this situation, we shall not distinguish between these definitions of a connection.
If V is a vector bundle on X equipped with an S-connection on V, then we denote by V ∇ the sheaf of horizontal sections in V (i.e., the kernel of the S-connection V → Ω X/S ⊗ V).
1.6. Let S be a scheme of characteristic p (cf. § 1.1) and f : X → S a scheme over S. The Frobenius twist of X over S is the base-change X (1) of the Sscheme X via the absolute Frobenius morphism F S : S → S of S. Denote by f (1) : X (1) → S the structure morphism of the Frobenius twist of X over S. The relative Frobenius morphism of X over S is the unique morphism F X/S : X → X (1) over S that fits into a commutative diagram of the form
where the upper (respectively, the lower) composite is the absolute Frobenius morphism of X (respectively, S). If f : X → S is smooth, geometrically connected and of relative dimension n, then the relative Frobenius morphism F X/S : X → X (1) is finite and faithfully flat of degree p n . In particular, the O X (1) -module F X/S * O X is locally free of rank p n .
Indigenous bundles
In this section, we recall the notion of an indigenous bundle on a curve. Much of the content of this section is implicit in [29] .
First, we discuss the definition of an indigenous bundle on a curve (cf. [7] , §4, p. 104; [29] , Chap. I, § 2, p. 1002, Definition 2.2). Fix a scheme S of characteristic p (cf. §1.1) and a proper smooth curve f : X → S of genus g > 1 (cf. § 1.2). Definition 2.1.
(i) Let P ⊛ = (P, ∇) be a pair consisting of a PGL 2 -torsor P over X and an (integrable) S-connection ∇ on P. We shall say that P ⊛ is an indigenous bundle on X/S if there exists a globally defined section σ of the associated P 1 -bundle P 1 P := P × PGL 2 P 1 which has a nowhere vanishing derivative with respect to the connection ∇. We shall refer to the section σ as the Hodge section of P ⊛ (cf. Remark 2.1.1 (i)).
torsors over X that is compatible with the respective connections (cf. Remark 2.1.1 (iii)).
Remark 2.1.1. Let P ⊛ = (P, ∇) be an indigenous bundle on X/S.
(i) The Hodge section σ of P ⊛ is uniquely determined by the condition that σ have a nowhere vanishing derivative with respect to ∇ (cf. [29] , Chap. I, § 2, p. 1004, Proposition 2.4).
(ii) The underlying PGL 2 -torsors of any two indigenous bundles on X/S are isomorphic (cf. [29] , Chap. I, § 2, p. 1004, Proposition 2. Next, we consider a certain class of rank 2 vector bundles with an integrable connection (cf. Definition 2.3 (ii)) associated to a specific choice of a spin structure (cf. Definition 2.2). In particular, we show (cf. Proposition 2.4) that such objects correspond to indigenous bundles bijectively. We recall from, e.g., [17] , § 2.1, p. 25 the following:
consisting of a proper smooth curve Y /S of genus g > 1 and a spin structure L on Y /S.
Remark 2.2.1.
(i) X/S necessarily admits, at leastétale locally on S, a spin structure. Indeed, let us denote by P ic d X/S the relative Picard scheme of X/S classifying the set of (equivalence classes, relative to the equivalence relation determined by tensoring with a line bundle pulled back from the base S, of ) degree d invertible sheaves on X. Then the morphism
given by multiplication by 2 is finite andétale (cf. § 1.1). Thus, the S-rational point of Pic 2g−2 X/S classifying the equivalence class [Ω X/S ] determined by Ω X/S lifts,étale locally, to a point of Pic
be a spin structure on X/S and T an S-scheme. Then by pulling back the structures L, η L via the natural projection X × S T → X, we obtain a spin structure on the curve X × S T over T , which, by abuse of notation, we shall also denote by L.
In the following, let us fix a spin structure
of L ∨ by L whose restriction to each fiber over S is nontrivial (cf. Remark 2.3.1 (i)). We shall regard the underlying rank 2 vector bundle associated to an L-bundle as being equipped with a 2-step decreasing
, namely, the filtration defined as follows:
(ii) An L-indigenous vector bundle on X/S is a triple
) on X/S and an S-connection ∇ : F → F ⊗ Ω X/S on F (cf. § 1.5) satisfying the following two conditions.
(1) If we equip O X with the trivial connection and the determinant bundle det(F ) with the natural connection induced by ∇, then the natural composite isomorphism
This composite is often referred to as the Kodaira-Spencer map.
modules that is compatible with the respective connections and filtrations and induces the identity morphism of O X (relative to the respective natural composite isomorphisms discussed in (i)) upon taking determinants.
Remark 2.3.1.
(i) X/S always admits an L-bundle. Moreover, any two L-bundles on X/S are isomorphic Zariski locally on S. Indeed, since f : X → S is of relative dimension 1, the Leray-Serre spectral sequence
In particular, if S is an affine scheme, then the set of nontrivial extension classes corresponds bijectively to the set
. Also, we note that it follows immediately from the fact that the degree of the line bundle L on each fiber over S is positive that the structure of L-bundle on the underlying rank 2 vector bundle of an L-bundle is unique.
(ii) If two L-indigenous vector bundles on X/S are isomorphic, then any isomorphism between them is unique up to multiplication by an element of Γ(S, O S ) whose square is equal to 1 (i.e, ±1 if S is connected).
In particular, the group of automorphisms of an L-indigenous vector bundle may be identified with the group of elements of Γ(S, O S ) whose square is equal to 1. (Indeed, these facts follow from an argument similar to the argument given in the proof in [29] , Chap. I, § 2, p. 1006, Theorem 2.8.) (iii) One may define, in an evident fashion, the pull-back of an L-indigenous vector bundles on X/S with respect to a morphism of schemes S ′ → S; this notion of pull-back is compatible, in the evident sense, with composites
) be an L-indigenous vector bundle on X/S. By executing a change of structure group via the natural map SL 2 → PGL 2 , one may construct, from the pair (F , ∇), a PGL 2 -torsor P F together with an S-connection ∇ P F on P F . Moreover, the subbundle L (⊆ F ) determines a globally defined section σ of the associated
One may verify easily from the condition given in Definition 2.3 (ii) (2) that the pair P ⊛ := (P F , ∇ P F ) forms an indigenous bundle on X/S, whose Hodge section is given by σ (cf. Definition 2.1 (i)). Then, we have (cf. [29] , Chap. I, § 2, p. 1004, Proposition 2.6) the following:
) is a spin curve, then the assignment F ⊛ → P ⊛ discussed above determines a functor from the groupoid of L-indigenous vector bundles on X/S to the groupoid of indigenous bundles on X/S. Moreover, this functor induces a bijective correspondence between the set of isomorphism classes of L-indigenous vector bundles on X/S (cf. Remark 2.3.1 (ii)) and the set of isomorphism classes of indigenous bundles on X/S (cf. Remark 2.1.1 (iii)). Finally, this correspondence is functorial with respect to S (cf. Remark 2.3.1 (iii)).
Proof. The construction of a functor as asserted in the statement of Proposition 2.4 is routine. The asserted (bijective) correspondence follows from [29] , Chap. I, § 2, p. 1004, Proposition 2.6. (Here, we note that Proposition 2.6 in loc. cit. states only that an indigenous bundle determines an indigenous vector bundle (cf. [29] , Chap. I, § 2, p. 1002, Definition 2.2) up to tensor product with a line bundle together with a connection whose square is trivial. But one may eliminate such an indeterminacy by the condition that the underlying vector bundle be an L-bundle.) The asserted functoriality with respect to S follows immediately from the construction of the assignment F ⊛ → P ⊛ (cf. Remark 2.3.1 (iii)).
Dormant indigenous bundles
In this section, we recall the notion of a dormant indigenous bundle and discuss various moduli functors related to this notion.
Let S be a scheme over a field k of characteristic p (cf. § 1.1) and f : X → S a proper smooth curve of genus g > 1. Denote by X
(1) the Frobenius twist of X over S and F X/S : X → X (1) the relative Frobenius morphism of X over S (cf. § 1.6).
First, we recall the definition of the p-curvature map. Let us fix an algebraic group G over k and denote by g the Lie algebra of G. Let (π : E → X, ∇ : T X/S → T E/S ) be a pair consisting of a G-torsor E over X and an S-connection ∇ on E, i.e., a section of the natural quotient α E : (π * T E/S )
the p-th iterate of ∂, which is also a derivation corresponding to a local section of
for any local section of T X/S , the image of the p-linear map from T X/S to T E/S defined by assigning
is contained in ad(E) (= ker(α E )). Thus, we obtain an
We shall refer to the morphism ψ (E,∇) as the p-curvature map of (E, ∇). If U is a vector bundle on X (1) , then we may define an S-connection (cf. Assume that G is a closed subgroup of GL n for n ≥ 1 (cf. § 1.5). Let (E, ∇) be a pair consisting of a G-torsor E over X and an S-connection ∇ on E. Write V for the vector bundle on X associated to E and ∇ V for the S-connection on V induced by ∇.
(i) The p-curvature map ψ (E,∇) of (E, ∇) is compatible, in the evident sense, with the classical p-curvature map (cf., e.g., [21] , § 5, p. 190) of (V, ∇ V ).
In this situation, we shall not distinguish between these definitions of the p-curvature map. (ii) The sheaf V ∇ of horizontal sections in V may be considered as an O X (1) -module via the underlying homeomorphism of the relative Frobenius morphism F X/S : X → X (1) . Thus, we have a natural horizontal morphism
It is known (cf. [21] , § 5, p. 190, Theorem 5.1) that the p-curvature map of (V, ∇ V ) vanishes identically on X if and only if ν (V,∇ V ) is an isomorphism. In particular, the assignment V → (F * X/S V, ∇ can V ∇ ) determines an equivalence, which is compatible with the formation of tensor products (hence also symmetric and exterior products), between the category of vector bundles on X (1) and the category of vector bundles on X equipped with an S-connection whose p-curvature vanishes identically.
Definition 3.1. We shall say that an indigenous bundle
)) on X/S is dormant if the p-curvature map of (P, ∇) (respectively, (F , ∇)) vanishes identically on X.
Next, we shall define a certain class of dormant indigenous bundles, which we shall refer to as dormant ordinary. Let P ⊛ = (P, ∇) be a dormant indigenous bundle on X/S. Denote by
the pair consisting of the adjoint bundle ad(P) associated to P and the Sconnection ∇ ad on ad(P) naturally induced by ∇. Let us consider the 1-st relative de Rham cohomology sheaf
concentrated in degrees 0 and 1. Recall (cf. [29] , Chap. I, § 2, p. 1006, Theorem 2.8) that there is a natural exact sequence
On the other hand, the natural inclusion ad(P) ∇ ֒→ ad(P) of the subsheaf of horizontal sections induces a morphism of O S -modules
Thus, by composing this morphism with the right-hand surjection in the above short exact sequence, we obtain a morphism
We shall say that an indigenous bundle P ⊛ is dormant ordinary if P ⊛ is dormant and γ P ⊛ is an isomorphism.
Next, let us introduce notations for various moduli functors classifying the objects discussed above. Let M g,Fp be the moduli stack of proper smooth curves of genus g > 1 over F p . Denote by
(cf. [29] , Chap. I, § 3, p. 1011, the discussion preceding Lemma 3.2) the setvalued functor on (Sch) M g,Fp (cf. § 1.2) which, to any M g,Fp -scheme T , classifying a curve Y /T , assigns the set of isomorphism classes of indigenous bundles on Y /T . Also, denote by
g,Fp ) the subfunctor of S g,Fp classifying the set of isomorphism classes of dormant indigenous bundles (resp., dormant ordinary indigenous bundles). By forgetting the datum of an indigenous bundle, we obtain natural transformations Next, we quote a result from p-adic Teichmüller theory due to S. Mochizuki concerning the moduli stacks (i.e., which are in fact schemes, relatively speaking, over M g,Fp ) that represent the functors discussed above. Here, we wish to emphasize the importance of the open density of the dormant ordinary locus. As we shall see in Proposition 4.2 and its proof, the properties stated in the following Theorem 3.3 enable us to relate a numerical calculation in characteristic zero to the degree of certain moduli spaces of interest in positive characteristic. Proof. The assertion follows from [29] In particular, it follows that it makes sense to speak of the degree 
where E T ′ denotes the pull-back of E via the projection Y × T T ′ → Y , such that the quotient E T ′ /i(F ) is flat over T ′ (which, since Y /T is smooth of relative dimension 1, implies that F is locally free), and F is of rank 2 and degree 0. It is known (cf. [8] , Chap. 5, § 5.5, p. 127, Theorem 5.14) that Q 2,0 E/Y /T is represented by a proper scheme over T . Now let (X/S, L = (L, η L )) be a spin curve of characteristic p and denote, for simplicity, the relative Frobenius morphism F X/S : X → X (1) by F . Then in the following discussion, we consider the Quot-scheme discussed above
in the case where the data "(Y /T, E)" is taken to be (
, then the determinant bundle det(
to the relative Picard scheme P ic
(cf. Remark 2.2.1 (i)) classifying the set of equivalence classes of degree 0 line bundles on X (1) /S. We shall denote by
the scheme-theoretic inverse image, via det, of the identity section of P ic
Next, we discuss a certain relationship between M Zzz...
X/S,L and Q
. To this end, we introduce a certain filtered vector bundle with connection as follows. Let us consider the rank p vector bundle
on X (cf. § 1.6), which has the canonical S-connection
(cf. the discussion preceding Remark 3.0.1). By using this connection, we may define a p-step decreasing filtration
on A L as follows.
q ։ L ∨ denotes the natural quotient determined by the adjunction relation "F * (−) ⊣ F * (−)" (i.e., "the functor F * (−) is left adjoint to the functor F * (−)").
L ), where the "bars" denote the images in the respective quotients, is well-defined and determines an isomorphism of O X -modules.
obtained by composing the isomorphism of (i) (i.e., the first isomorphism of the display) with the tautological isomorphism arising from the definition of A 1 L (i.e., the second isomorphism of the display), followed by the isomorphism determined by the given spin structure (i.e., the third isomorphism of the display). Then the natural extension structure
Proof. The various assertions of Lemma 4.1 follow from an argument (in the case where S is an arbitrary scheme) similar to the argument (in the case where S = Spec(k) for an algebraically closed field k) given in the proofs of [19] , § 5.3, p. 627 and [35] , § 2, p. 430, Lemma 2.1.
the filtration on the pull-back
, where we denote by F * g the pull-back of g via F .
), where ∇ can V denotes the canonical connection on F * V (cf. the discussion preceding Remark 3.0.1), forms a dormant L-indigenous bundle on X/S.
Proof. First, we consider assertion (i). Since F * V and A L /A 2 L are flat over S, it suffices, by considering the various fibers over S, to verify the case where S = Spec(k) for a field k. If we write gr
, then it follows immediately from the definitions that the coherent O X -module gr i admits a natural embedding
Since this subquotient is a line bundle (cf. Lemma 4.1 (i), (ii)), one verifies easily that gr i is either trivial or a line bundle.
In particular, since F * V is of rank 2, the cardinality of the set I := i gr i = 0 is exactly 2. Next, let us observe that the pull-back F * g of g via F is compatible with the respective connections ∇ can V (cf. the statement of assertion (ii)), ∇ can F * (L ∨ ) . Thus, it follows from Lemma 4.1 (i) that gr i+1 = 0 implies gr i = 0. But this implies that I = {0, 1}, and hence that the composite
is an isomorphism at the generic point of X. On the other hand, observe that 
X/S,L (S)
between the respective sets of S-rational points. By the functoriality of the construction of α S with respect to S, it suffices to prove the bijectivity of α S .
The injectivity of α S follows from the observation that any element
(S) is, by adjunction, determined by the morphism F * V → L ∨ , i.e., the natural surjection, as in Definition 2.3 (i), arising from the fact that F * V is an L-bundle (cf. Lemma 4.2 (ii)). Next, we consider the surjectivity of α S . Let (F , ∇, {F
This composite determines a morphism
via the adjunction relation "F * (−) ⊣ F * (−)" (cf, the discussion preceding Lemma 4.1) and pull-back by F .
Next, we claim that g F is injective. Indeed, since g F is (tautologically, by construction!) compatible with the respective surjections
L , and ker(g F ) ⊆ F 1 . Since g F is manifestly horizontal (by construction), ker(g F ) is stabilized by ∇, hence contained in the kernel of the Kodaira-Spencer map (2)), which is an isomorphism by the definition of an Lindigenous bundle (cf. Definition 2.3 (ii)). This implies that g F is injective and completes the proof of the claim. Moreover, by applying a similar argument to the pull-back of g F via any base-change over S, one concludes that g F is universally injective with respect to base-change over S. This implies that A L /g F (F ) is flat over S (cf. [26] , p. 17, Theorem 1). Now denote by g
the morphism obtained by restricting g F to the respective subsheaves of horizontal sections in F , A L . Observe that the pull-back of g ∇ F via F may be identified with g F , and that
that is mapped by α S to the S-rational point of M Zzz...
X/S,L
corresponding to (F , ∇, {F i } i ). This implies that α S is surjective and hence completes the proof of Proposition 4.3.
Next, we relate
. By pulling back line bundles on X
(1) via the relative Frobenius F : X → X (1) , we obtain a morphism
We shall denote by Ver X/S the scheme-theoretic inverse image, via this morphism, of the identity section of Pic 0) ) that Ver X/S is finite and faithfully flat over S of degree p g and, moreover,étale over the points s of S such that the fiber of X/S at s is ordinary. There is an isomorphism of S-schemes
Proof. It suffices to prove that there is a bijection between the respective sets of S-rational points that is functorial with respect to S.
× S Ver X/S )(S). It follows from the projection formula that the composite
(S). Thus, we obtain a functorial (with respect to S) map
, i.e., the morphism g N constructed above in the case where "N " is taken to be N = det(V)
where F * S (−) denotes the pull-back by the morphism X (1) → X obtained by base-change of X/S via the absolute Frobenius morphism F S : S → S of S (cf. § 1.6). On the other hand, since
is trivial. Thus the pair (g
× S Ver X/S )(S). One verifies easily that this assignment determines an inverse to γ S . This completes the proof of Lemma 4.4.
Computation via the Vafa-Intriligator formula
By combining Proposition 4.3, Lemma 4.4, and the discussions preceding Theorem 3.3 and Lemma 4.4, we obtain the following equalities:
Therefore, to determine the value of deg
, it suffices to calculate the value deg S (Q
) (for an arbitrary spin curve (X/S, L)).
In this section, we review a numerical formula concerning the degree of a certain Quot-scheme over the field of complex number C and relate it to the degree of the Quot-scheme in positive characteristic.
Let C be a smooth proper curve over C of genus g > 1. If r is an integer, and E is a vector bundle on C of rank n and degree d with 1 ≤ r ≤ n, then we define invariants e max (E, r) := max deg(F ) ∈ Z F is a subbundle of E of rank r ,
(Here, we recall that one verifies immediately, for instance, by considering an embedding of E into a direct sum of n line bundles, that e max (E, r) is welldefined.)
In the following, we review some facts concerning these invariants (cf. [11] ; [23] ; [12] ). Denote by s N n,d
C the moduli space of stable bundles on C of rank n and degree d (cf. [23] , § 1, pp. 310-311). It is known that
C is irreducible (cf. the discussion at the beginning of [23] , § 2, p. 311). Thus, it makes sense to speak of a "sufficiently general" stable bundle in s N n,d
C , i.e., a stable bundle that corresponds to a point of the scheme s N n,d
C that lies outside some fixed closed subscheme. If E is a sufficiently general stable bundle in s N n,d
C , then it holds (cf. [23] , § 1, pp. 310-311) that s r (E) = r(n − r)(g − 1) + ǫ, where ǫ is the unique integer such that 0 ≤ ǫ < n and s r (E) = r · d mod n. Also, the number ǫ coincides (cf. [12] , § 1, pp. 121-122) with the dimension of every irreducible component of the Quot-scheme Q r,emax(E,r) E/C/C (cf. § 4). If, moreover, the equality s r (E) = r(n − r)(g − 1) holds (i.e., dim(Q r,emax(E,r) E/C/C ) = 0), then Q r,emax(E,r) E/C/C iś etale over Spec(C) (cf. [12] , § 1, pp. 121-122). Finally, under this particular assumption, a formula for the degree of this Quot-scheme was given by Holla as follows.
Theorem 5.1. Let C be a proper smooth curve over C of genus g > 1, E a sufficiently general stable bundle in s N n,d
C . Write (a, b) for the unique pair of integers such that d = an−b with 0 ≤ b < n. Also, we suppose that the equality s r (E) = r(n−r)(g −1) (equivalently, e max (E, r) = (dr − r(n − r)(g − 1))/n) holds. Then we have
where ρ n i = 1, for 1 ≤ i ≤ r and the sum is over tuples (ρ 1 , · · · , ρ r ) with ρ i = ρ j .
Proof. The assertion follows from [12] , § 4, p. 132, Theorem 4.2, where "k" (respectively, "r") corresponds to our r (respectively, n).
By applying this formula, we conclude the same kind of formula for certain vector bundles in positive characteristic, as follows.
Theorem 5.2.
Let k an algebraically closed field of characteristic p and (X/k, L = (L, η L )) a spin curve of genus g > 1. Suppose that X/k is sufficiently general in M g,Fp .
(Here, we recall that M g,Fp is irreducible (cf. [3] , § 5); thus, it makes sense to speak of a "sufficiently general" X/k, i.e., an X/k that determines a point of M g,Fp that lies outside some fixed closed substack.) Then Q
over Spec(k) is given by the following formula:
Proof. Suppose that X is an ordinary (cf. the discussion preceding is finite andétale over k.
Next, we determine the value of deg
). Denote by W the ring of Witt vectors with coefficients in k and K the fraction field of W . Since dim(X (1) ) = 1, which implies that H 2 (X F , Ω ∨ X (1) ) = 0, it follows from wellknown generalities concerning deformation theory that X (1) may be lifted to a smooth proper curve X (1) W over W of genus g. In a similar vein, the fact that
classifying an injective mor-
at η may be naturally identified with the k-vector space Hom O X (1) (F , F * (L ∨ )/i(F )), and the obstruction to lifting η to any first order thickening of Spec(k) is given by an element of Ext
On the other hand, since, as was observed
0, and hence Ext 
. Now it follows from a routine argument that K may be supposed to be a subfield of C. Denote by X
C the base-change of X (1) W via the morphism Spec(C) → Spec(W ) induced by the composite embedding W ֒→ K ֒→ C, and E C the pull-back of E via the natural morphism X
(1)
W . Thus, we obtain equalities
To prove the required formula, we calculate the degree deg C (Q
) by applying Theorem 5.1.
By [35] , § 2, p. 431, Theorem 2.2, F * (L ∨ ) is stable. Since the degree of E C coincides with the degree of F * (L ∨ ), E C is a vector bundle of degree deg(E C ) = (p−2)(g−1) (cf. the proof of Lemma 5.3). On the other hand, one verifies easily from the definition of stability and the properness of Quot schemes (cf. [8] , § 5.5, p. 127, Theorem 5.14) that E C is a stable vector bundle. Next, let us observe that Q
is zero-dimensional (cf. the discussion above), which, by the discussion preceding Theorem 5.1, implies that s 2 (E C ) = 2(p − 2)(g − 1). Thus, by choosing the deformation E of F * (L ∨ ) appropriately, we may assume, without loss of generality, that E C is sufficiently general in 
If, moreover, we write (a, b) for the unique pair of integers such that deg C (E C ) = p · a − b with 0 ≤ b < p, then it follows from the hypothesis p > 2(g − 1) that a = g − 1 and b = 2(g − 1). Thus, by applying Theorem 5.1 in the case where the data "(C, V, n, d, r, a, b, e max (V, r))" is taken to be
This completes the proof of the required equality.
The following lemma was used in the proof of Theorem 5.2.
Then G is a vector bundle on X (1) , and it holds that
Proof. First, we verify that G is a vector bundle. Since F : X → X (1) is faithfully flat, it suffices to verify that the pull-back F * G is a vector bundle on X. Recall (cf. Lemma 4.2 (i)) that the composite
L is an isomorphism. One verifies easily that this implies that the natural composite A 2 L → A L → F * G is an isomorphism, and hence that F * G is a vector bundle, as desired.
Next we consider the asserted equality. Since the morphism F : X → X (1) is finite, it follows from well-known generalities concerning cohomology that we have an equality of Euler characteristics χ(
and, since rk(
Finally, by applying the Riemann-Roch theorem again, we obtain equalities
Thus, we conclude the main result of the present paper.
g,Fp over M g,Fp is given by the following formula:
Proof. Let us fix a spin curve (X/k, L) for which Theorem 5.2 holds. Then it follows from Theorem 5.2 and the discussion at the beginning of § 5 that
Relation with other results
Finally, we discuss some topics related to the main result of the present paper.
6.1. Let k be an algebraically closed field of characteristic p and X a proper smooth curve over k of genus g with p > 2(g − 1). Denote by F : X → X (1) the relative Frobenius morphism. Let E be an indecomposable vector bundle on X of rank 2 and degree 0. If E admits a rank one subbundle of positive degree, then it follows from the definition of semistability that E is not semistable. On the other hand, since E is indecomposable, a computation of suitable Ext 1 groups via Serre duality shows that the degree of any rank one subbundle of E is at most g − 1. We shall say that E is maximally unstable if E admits a rank one subbundle of degree g − 1(> 0). Let us denote by B the set of isomorphism classes of rank 2 semistable bundles V on X
(1) such that det(V) ∼ = O X , and F * V is indecomposable and maximally unstable. Then it is well-known (cf., e.g., [32] , § 4, p. 110, Proposition 4.2) that there is a natural 2 2g -to-1 correspondence between B and the set of isomorphism classes of dormant indigenous bundles on X/k. Thus, Corollary 5.4 of the present paper enables us to calculate the cardinality of B, i.e., to conclude that
) .
In the case where g = 2, this result is consistent with the result obtained in [25] , Introduction, p. 180, Theorem 2. · (p 3 − p), as referred to in Introduction). In fact, this result may also be obtained as a consequence of Corollary 5.4. This may not be apparent at first glance, but nevertheless may be verified by applying either of the following two different (but, closely related) arguments.
(1) Let C be a connected compact Riemann surface of genus g > 1. Then it is known that the moduli space of S-equivalence classes (cf. [13] , § 1. In particular, it follows from an explicit computation that V (n, k) may be expressed as a polynomial of degree 2n with respect to k. Thus, the value deg 
